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a b s t r a c t
A proper vertex k-coloring of a graph G is called dynamic, if there is no vertex v ∈ V (G)
with d(v) ≥ 2 and all of its neighbors have the same color. The smallest integer k such that
G has a k-dynamic coloring is called the dynamic chromatic number of G and denoted by
χ2(G). We say that v ∈ V (G) in a proper vertex coloring of G is a bad vertex if d(v) ≥ 2
and only one color appears in the neighbors of v. In this paper, we show that if G is a graph
with the chromatic number at least 6, then there exists a proper vertex χ(G)-coloring of G
such that the set of bad vertices of G is an independent set. Also, we provide some upper
bounds for χ2(G)− χ(G) in terms of some parameters of the graph G.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper all graphs are finite and simple. We denote the vertex set and the edge set of G by V (G) and E(G),
respectively. The number of vertices of G is called the order of G. We denote the maximum degree and the minimum degree
of G by ∆(G) and δ(G), respectively. Also, for every v ∈ V (G) and X ⊆ V (G), d(v), N(v) and N(X) denote the degree of v,
the neighbor set of v and the set of vertices of Gwhich has a neighbor in X , respectively. For a natural number k, a graph G is
called a k-regular graph if d(v) = k, for each v ∈ V (G). We say that a set of vertices is independent if there is no edge between
these vertices. The independent number, α(G), of a graph G is the size of a largest independent set of G. A dominating set of
a graph G is a subset D of V (G) such that every vertex not in D is joined to at least one vertex of D. The domination number,
γ (G), is the number of vertices in a smallest dominating set of G. Also, a total dominating set of a graph with no isolated
vertex is a set of vertices such that all vertices in the graph (including the vertices in the dominating set) have at least one
neighbor in the dominating set. The total domination number, γt(G), is the number of vertices in a smallest total dominating
set of G. Let S ⊆ V (G) be a subset. We denote the induced subgraph G on S by ⟨S⟩. Also, if two independent sets X, Y ⊆ V (G)
have no elements in common, then we denote the induced bipartite graph on X ∪Y by ⟨X, Y ⟩. Let H be a graph. A graph that
does not contain H as an induced subgraph is said to be H-free. A K1,3-free graph is called a claw-free graph.
A proper vertex coloring of G is a function c : V (G) −→ L, such that if u, v ∈ V (G) are adjacent, then c(u) and c(v) are
different. A proper vertex k-coloring is a proper vertex coloring with |L| = k. The smallest integer k such that G has a proper
vertex k-coloring is called the chromatic number of G and denoted by χ(G). Let c be a proper vertex coloring of G. Then for
every X ⊆ V (G), let c(X) = {c(v) | v ∈ X}. A proper vertex k-coloring of a graph G is called dynamic if for every vertex
v with degree at least 2, the neighbors of v receive at least two different colors. A k-dynamic coloring of G is a dynamic
coloring by k colors. The smallest integer k such that G has a k-dynamic coloring is called the dynamic chromatic number of
G and denoted by χ2(G).
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Recently, the dynamic coloring of graphs has been studied extensively by several authors, for instance see
[1–5,8,10,11,14]. It was shown that [14] the difference between the dynamic chromatic number and the chromatic number
of a graph can be arbitrarily large. It seems that if the maximum degree of G is not too large relative to the minimum degree
of G, then χ2(G)− χ(G) is a small number. The following conjecture was proposed in [14].
Conjecture A. For every regular graph G, χ2(G)− χ(G) ≤ 2.
Here, we generalize Conjecture A.
Conjecture 1. For a graph G with no isolated vertex, χ2(G)− χ(G) ≤ ⌈∆(G)δ(G) ⌉ + 1.
It is interesting for us if one can find a graph with this property that χ2(G)− χ(G) > ⌈∆(G)+1δ(G) ⌉.
Note that for a complete bipartite graph Kn,n, n ≥ 2, χ2(Kn,n)− χ(Kn,n) = 2. This implies that the number 1 in the upper
bound is not superfluous.
In [3] it was proved that if G is a strongly regular graph and G ≠ C4, C5, Kr,r , then χ2(G) − χ(G) ≤ 1. Note that for a
complete bipartite graph Kn,n (n ≥ 2), χ2(Kn,n)− χ(Kn,n) = 2. Also, if G is the Petersen graph or a cycle of order ≠ 3k, for a
natural number k, then χ2(G) > χ(G). Now, we state the following conjecture.
Conjecture 2. Let G be a regular graph and χ(G) ≥ 4. Then χ2(G) = χ(G).
In [13], it has been proved that the computational complexity of χ2(G) for a 3-regular graph is an NP-complete problem.
Furthermore, in [12] it is shown that it is NP-complete to determine whether there exists a 3-dynamic coloring for a claw-
free graph with the maximum degree 3.
A partition of a graph into two total dominating sets is a vertex 2-coloring (not necessarily proper) of the graph such
that no vertex has a monochromatic neighborhood. Zelinka [15] showed that the large minimum degree is not sufficient to
guarantee the existence of a partition of a graph into two total dominating sets. Moreover, Calkin and Dankelmann in [7] and
Feige et al. in [9] showed that if themaximum degree is not too large relative to theminimum degree, then sufficiently large
minimumdegree does suffice. Moreover, in [6] this kind of 2-coloring is studied. Now, let c be a proper vertex χ(G)-coloring
of G. Also, let c ′ be a vertex 2-coloring of G such that each color class represents a total dominating set. Then by assigning
the color (c(v), c ′(v)) to the vertex v ∈ V (G)we obtain a 2χ(G)-dynamic coloring of G. So, χ2(G)− χ(G) ≤ χ(G).
Now, we state two definitions that will be used in the sequel of the paper.
Let c be a proper vertex coloring of a graph G and Bc = {v ∈ V (G) | d(v) ≥ 2, |c(N(v))| = 1}. Then every vertex in Bc is
called a bad vertex and every vertex in V (G) \ Bc is called a good vertex.
We define a parameter k∗ which is useful in the sequel of the paper. For every graph G let
k∗(G) =
2, if χ(G) = 2
1, if χ(G) ∈ {3, 4, 5}
0, otherwise.
For the simplicity we denote k∗(G) by k∗.
In this paper, first we show that for every graph G, there exists a proper vertex coloring with at most χ(G) + k∗ colors
such that the set of bad vertices are independent. Furthermore, we find some upper bounds for the difference between the
dynamic chromatic number and the chromatic number of graphs in terms of α(G), δ(G), |V (G)|, γ (G) and γt(G).
2. The dynamic property and independent sets
In this section, we obtain some upper bounds for the dynamic chromatic number of graphs in terms of χ(G), α(G), δ(G)
and |V (G)|. First, we need the following useful lemma.
Lemma 1. Let G be a graph and k = max{3, χ(G)}. Then there exists a proper vertex k-coloring of G in which every bad vertex
has at least one good neighbor.
Proof. Let c be a proper vertex k-coloring of Gwith colors {1, . . . , k}which contains the minimum number of bad vertices.
We prove that this coloring is the desired coloring. To the contrary and with no loss of generality, assume that there exists a
vertex v such that c(v) = 1, c(N(v)) = {2} and c(N(N(v))) = {1}. Then by changing c(v) to 3, the number of bad vertices
reduces, a contradiction. 
In the following theorem, for every graph we introduce a proper vertex coloring such that the set of bad vertices are
independent.
Theorem 1. Let G be a graph. Then there exists a proper vertex (χ(G)+ k∗)-coloring of G such that the set of bad vertices of G
is independent.
Proof. By Lemma 1, consider a proper vertex k-coloring c of G by the colors {1, . . . , k}, where k = max{3, χ(G)} and every
bad vertex has at least a good neighbor. Note that ⟨Bc⟩ is a bipartite graph. Since otherwise, let C be an odd cycle of ⟨Bc⟩.
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Consider two adjacent vertices of C , say u and v such that c(u) = i and c(v) = j. Then the vertices of C have alternatively
colors i and j, a contradiction. Let X and Y be two parts of the bipartite graph ⟨Bc⟩. Now, partition Bc into three sets TX , TY
and TZ , such that TX ⊆ X , TY ⊆ Y and every vertex in TX ∪ TY has at least a bad neighbor and TZ is the set of bad vertices,
all of whose neighbors are good. Now, recolor all vertices of TX by color k + 1 and call this proper vertex (k + 1)-coloring
of G by c ′. Then consider Bc′ . By Lemma 1 and the definition of coloring c , every vertex v ∈ TY has at least a good neighbor.
Moreover, by the definitions of TX , TY and TZ , v has at least a neighbor in TX . Therefore v has a neighbor with color k+ 1 and
at least a neighbor with a color different from k + 1 in c ′. Now, let W = {v ∈ V (G) | d(v) ≥ 2,N(v) ⊆ TX }. It is not hard
to see that Bc′ = TX ∪W ∪ TZ . Now, for every w ∈ W recolor w by c ′(w) + 1, (mod k), such that c ′(w) + 1 ∈ {1, . . . , k}.
Call this proper vertex coloring of G by c ′′. We claim that Bc′′ is an independent set. First note that in the coloring c ′′ just the
color of the vertices of W has changed. Moreover, for every w ∈ W , N(w) ⊆ TX ⊆ Bc′ . So, Bc′′ ⊆ Bc′ . To show that Bc′′ is
an independent set, it is enough to prove that if e ∈ E(⟨Bc′⟩), then e ∉ E(⟨Bc′′⟩). We know that Bc′ = TX ∪W ∪ TZ . By the
definitions of TX , W and TZ , if e = xw ∈ E(⟨Bc′⟩), then x ∈ TX and w ∈ W . First note that by the definition of TX , x has at
least a neighbor y ∈ TY and c ′′(y) = c ′(y). Moreover, c ′′(w) ≠ c ′(w). Also, since x is a bad vertex in c ′, c ′(y) = c ′(w). Thus,
|c ′′(N(x))| ≥ 2. This concludes that x ∉ Bc′′ and so Bc′′ is an independent set. Therefore, if 2 ≤ χ(G) ≤ 5, then we are done.
Now, assume thatχ(G) = 1 orχ(G) ≥ 6. Clearly, we can suppose thatχ(G) ≥ 6. Consider a proper vertexχ(G)-coloring
of G by colors {1, . . . , k}. If there exists a vertex v with color i with no neighbor with color j, for some j < i, recolor v by
color j. Repeat this procedure to obtain a proper vertex χ(G)-coloring of G in which every vertex of color i has at least a
neighbor of color j, for every j < i. Call this coloring by c. Define Hi = c−1(i), for i = 1, . . . , χ(G). Clearly, the dynamic
property holds for each vertex v, v ∈ Hi, 3 ≤ i ≤ χ(G). Thus, if v is a bad vertex, then c(v) ∈ {1, 2}. Let X = H1 ∩ Bc and
Y = H2 ∩ Bc . Suppose TX ⊆ X and TY ⊆ Y are the set of all vertices such that each of them has at least a bad neighbor and
let G′ = ⟨TX , TY ⟩. We have the following property.
Property A. There are no two adjacent vertices u and v such that u ∈ TX ∪ TY and v ∈ ∪j≥3 Hj. (Because if u ∈ TY , then
c(N(u)) = {1} and if u ∈ TX , then c(N(u)) = {2}.)
Since χ(G′) = 2, as we saw before, there exists a proper vertex 4-coloring f : V (G′) → {3, 4, 5, 6} such that Bf in G′
is independent. Now, in the coloring c change the color of vertices of G′ using the coloring f and call the new coloring of G
by c ′. By Property A, c ′ is a proper vertex coloring of G and Bc′ ⊆ H1 ∪ H2. We claim that Bc′ is an independent set. To the
contrary let e = xy ∈ E(⟨Bc′⟩). So x ∈ H1, y ∈ H2, d(x) ≥ 2 and d(y) ≥ 2. Four cases may be considered.• x ∈ X and y ∈ Y . Then by the definitions of TX and TY , x ∈ TX , y ∈ TY . If x has at least two neighbors in TY , and also y has
at least two neighbors in TX , then noting to the coloring f , at least one of two vertices x and y is good in c ′, a contradiction.
Otherwise with no loss of generality, suppose that x has exactly one neighbor y in TY and at least another neighbor y′ in
H2 \ Y . Note that c ′(y) ≠ 2 = c ′(y′). So, x is good in c ′, a contradiction.• x ∈ X and y ∈ H2 \ Y . If x ∉ TX , since ywas good in the coloring c , then y has at least two neighbors one of them xwith
color 1 and another one in∪i≥3 Hi. So, y is good in c ′, a contradiction. If x ∈ TX , then x has at least two neighbors one of them
ywith color 2 and another one y′ ∈ TY with a color j ∈ {3, 4, 5, 6}. This implies that x is good, a contradiction.• x ∈ H1 \ X and y ∈ Y . Similar to the previous case we get a contradiction.• x ∈ H1 \ X and y ∈ H2 \ Y . It is not hard to see that in this case both vertices x and y are good, a contradiction.
Hence, we obtain a proper vertex χ(G)-coloring of G such that no two bad vertices are adjacent. 
The following corollary gives an upper bound for the difference between the dynamic chromatic number and the
chromatic number of a graph G in term of the domination number of G.
Corollary 1. For a graph G, χ2(G)− χ(G) ≤ γ (G)+ k∗.
Proof. By Theorem 1, suppose that c is a proper vertex (χ(G) + k∗)-coloring of G such that Bc is an independent set. Let T
be a smallest dominating set for G, T1 = Bc ∩ T and T2 = T \ Bc . Recolor the vertices of T2 by |T2| different new colors and
for each v ∈ T1 recolor one neighbor of v with a new color. Call this coloring by c ′. Since Bc is an independent set and T is a
dominating set, c ′ is a dynamic coloring with χ(G)+ γ (G)+ k∗ colors. 
The following remark gives an upper bound for χ2(G)− χ(G) in term of γt(G).
Remark 1. For a graph G,χ2(G)−χ(G) ≤ γt(G). To see this, consider a proper vertexχ(G)-coloring of G. Recolor all vertices
of a smallest total dominating set by γt(G) different new colors to obtain a dynamic coloring of G.
It was shown [14] that, if G is a claw-free graph, then χ2(G) ≤ χ(G) + 2. Let Pn be a path of n vertices. We have the
following remark.
Remark 2. If G is a P4-free graph, then χ2(G) ≤ χ(G)+ 2. First note that if each vertex v ∈ V (G) is contained in a triangle
or d(v) ≤ 1, then χ2(G) = χ(G). So, consider a vertex v such that N(v) is an independent set and u ∈ N(v). The diameter
of G is at most 2 and for each x ∈ N(N(v)), xu ∈ E(G). So, T = {u, v} is a total dominating set of G. Now, by Remark 1,
χ2(G)− χ(G) ≤ 2.
In [1], it was proved that if G is a graph, then χ2(G)− χ(G) ≤ α(G)+ 1. Here, we prove an upper bound max{0, α(G)−
δ(G)+ 1+ k∗} for χ2(G)− χ(G) for every graph G. Note that when G has a large independent set, the previous bound is not
good. Thus in this case we show that χ2(G) ≤ n− α(G)+ k∗(G)+ 1.
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Theorem 2. For every graph G, χ2(G)− χ(G) ≤ max{0, α(G)− δ(G)+ 1+ k∗}.
Proof. For simplicity, we denote χ(G), α(G) and δ(G) by χ , α and δ, respectively. If α < δ, then every vertex of G appears
in some triangles, so χ2(G) = χ(G). Thus suppose that α ≥ δ. By Theorem 1, G has a proper vertex (χ + k∗)-coloring c such
that Bc is an independent set of G. Let Bc = {v1, . . . , vk}. So k ≤ α. Now, two cases may occur:
First, assume that there is an index j such that N(vj) ∩ (∪ki=1,i≠j N(vi)) = ∅. With no loss of generality, assume that
N(v1)∩(∪ki=2 N(vi)) = ∅. Since v1 is a bad vertex, (Bc \{v1})∪N(v1) is an independent set. Since |N(v1)| ≥ δ, k ≤ α−δ+1.
Now, recolor a neighbor of vi by χ + k∗ + i for every i, 1 ≤ i ≤ k, step by step. Therefore since k ≤ α − δ + 1, we obtain a
(χ + k∗ + α − δ + 1)-dynamic coloring of G.
Next, suppose that for every vi ∈ Bc , there exists vj ∈ Bc , such that |N(vi) ∩ N(vj)| ≥ 1. With no loss of generality,
suppose that c(N(v1)) = {1}. Define T = {vi ∈ Bc | c(N(vi)) = {1}}. Clearly, |T | ≥ 2. Two cases may occur:
Case 1. Let |T | = δ−ϵ, where ϵ ≥ 1. Let T ′ = N(T ). Clearly, |T ′| ≥ δ and so |T ′|−|T | ≥ ϵ. Moreover, note that (Bc∪T ′)\T
is an independent set, so |(Bc ∪ T ′) \ T | ≤ α. Thus k ≤ α − ϵ. With no loss of generality, suppose that T = {v1, . . . , vδ−ϵ}.
For every vertex vt , δ−ϵ < t ≤ k, recolor one neighbor of vt by χ+k∗+ t− (δ−ϵ), step by step. Also, recolor one neighbor
of vi, 1 ≤ i ≤ δ − ϵ, by the color χ + k∗ + k − (δ − ϵ) + 1. Since k ≤ α − ϵ, we obtain a (χ + k∗ + α − δ + 1)-dynamic
coloring of G.
Case 2. Let |T | ≥ δ and {v1, . . . , vδ} ⊆ T . Without loss of generality assume that v2 has a common neighbor x with v1.
Then recolor x and one neighbor of v3, . . . , vδ by χ + k∗+ 1. Moreover recolor one neighbor of vt , where δ < t ≤ k by color
χ + k∗ + t − δ + 1. A (χ + k∗ + α − δ + 1)-dynamic coloring of G can be obtained. 
Remark 3. We show that there are some graphs for which the upper bounds of Remark 1 and Theorem 2, in the case
χ(G) ≥ 6 are tight.
For every two natural numbers p, q, p > q ≥ 2, there exists a graph G such that α(G) = p, δ(G) = q and
χ2(G)− χ(G) = γt(G) = α(G)− δ(G)+ 1.
To see this for every two integers p, q, p > q ≥ 2, let s = p − q + 1 and s ≥ 6. Consider the s-partite graph Kq,...,q with s
parts {Ai|1 ≤ i ≤ s}, where Ai = {vi1, . . . , viq}. For every i, 1 ≤ i ≤ s, join a new vertex wi to all vertices of Ai. We call this
graph G. It is not hard to see that α(G) = p, δ(G) = q,∆(G) = q(s− 1)+ 1, γt(G) = s, χ(G) = s and χ2(G) = 2s. Thus G is
the desired graph.
Theorem 3. For every graph G of order n, χ2(G) ≤ n− α(G)+ k∗ + 1.
Proof. By Theorem 1, there exists a proper vertex (χ(G)+ k∗)-coloring c of G such that Bc is an independent set. Moreover,
letM be a largest independent set in G. Define
T1 = Bc \M, T2 = Bc ∩M, T3 = M \ Bc, T4 = V (G) \ (Bc ∪M).
Also, note that |T2| + |T3| = α(G), |T1| + |T4| = n− α(G). Let T1 = {w1, . . . , w|T1|}. Now, two cases may occur:
Case 1. |c(T4)| ≤ χ(G)− 2. With no loss of generality assume that c(T4) ⊆ {1, . . . , χ(G)− 2}. We show that χ(G) ≤ 2.
To the contrary suppose that χ(G) ≥ 3. Now, for every vertex u ∈ T3 with c(u) ∈ {χ(G), χ(G) + 1}, change its color to
χ(G) − 1. It is easy to see that since every vertex wi of Bc is a bad vertex in the coloring c , exactly one color appears in the
neighbor set ofwi, for i = 1, . . . , |T1|, in this new coloring. Now, since χ(G)− 1 ≥ 2 and Bc is an independent set, one can
properly recolor wi by a color from the set {1, . . . , χ(G) − 1}, for i = 1, . . . , |T1|. This implies that G has a proper vertex
(χ(G) − 1)-coloring, a contradiction. So, we can assume that χ(G) ≤ 2. Thus T4 = ∅ and consequently since Bc andM are
independent sets, T2 = ∅. Then V (G) = T1 ∪ T3 and |T1| = n− α. Now, if N(wi) ∩ N(wj) = ∅, for every i, j, 1 ≤ i, j ≤ |T1|,
then we can easily find a (n − α + 2)-dynamic coloring of G and we are done. So, with no loss of generality assume that
N(w1) ∩ N(w2) = {x}. Now, in the (χ(G)+ k∗)-coloring c of G, recolor x by color χ(G)+ k∗ + 1 and every neighbor of wi,
i = 3, . . . , |T1|, by color χ(G)+ k∗ + i− 1 to obtain a ((2+ k∗)+ (n− α − 1))-dynamic coloring of G.
Case 2. |c(T4)| ≥ χ(G) − 1. Now, let T5 = {v1, . . . , vχ(G)−1} ⊆ T4 and the colors of these vertices are different. Recolor
the vertices of T4 \ T5, with |T4 \ T5| new colors. Note that sinceM is the largest independent set, for everywi ∈ T1, we have
|N(wi)∩T3| ≥ 1. Now, for everywi ∈ T1, recolor a neighbor ofwi in T3 by a new color i′, for i = 1, . . . , |T1|. Call this coloring
of G by c ′. We claim that c ′ is a dynamic coloring of G. Note that since Bc and M are independent sets, for every x ∈ T2,
N(x) ⊆ T4. Since every two vertices of T4 have different colors, |c ′(N(x))| ≥ 2 and we are done. By counting the number of
colors used in c ′ we have
χ(G)+ k∗ + |T1| + (|T4| − |T5|) = χ(G)+ (|T1| + |T4|)− (χ(G)− 1)+ k∗ ≤ n− α(G)+ k∗ + 1. 
Note that for every two natural numbers p and q, if G = Kp ∪ Kq, then χ2(G) = χ(G) = n − α(G) + 1. This concludes
that if p ≥ 6, then the upper bound of the previous theorem is tight.
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